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Numerical Simulation of Rarefied Gas Flow Through a Slit

Chan-Hong Chung,* Duen-Ren Jeng,t Kenneth J. De Witt,$ and Theo G. Keith Jr.§
University of Toledo, Toledo, Ohio 43606

Two different approaches, the finite-difference method coupled with the discrete-ordinate method (FDDO),
and the direct-simulation Monte-Carlo (DSMC) method, are used in the analysis of the flow of a rarefied gas
from one reservoir to another through a two-dimensional slit. The cases considered are for a vacuum downstream,
finite pressure ratios, and isobaric conditions with thermal diffusion, which are not well established in spite of
the simplicity of the flow field. In the FDDO analysis, by employing the discrete-ordinate method, the Boltzmann
equation simplified by a model collision integral is transformed to a set of partial differential equations that are
continuous in physical space but are point functions in molecular velocity space. The set of partial differential
equations are solved by means of a finite-difference approximation. In the DSMC analysis, the variable hard
sphere (VHS) model is used as a molecular model and the no time counter (NTC) method is employed as a
collision sampling technique. The results of both the FDDO and the DSMC methods show good agreement. The
FDDO method requires less computational effort than the DSMC method by a factor of 4 in CPU memory size
and by factors of 10 to 40 in CPU time, depending on the degree of gas rarefaction.

Nomenclature
Ac — collision frequency
b = density ratio between two reservoirs
C = peculiar velocity, V — U
Cr = collision relative speed
d = characteristic length of flow field
/ = number density distribution function, /(#, v,

vx, vy, v,)
g, h = reduced distribution functions
Jt = Jacobian of transformation
Kn = Knudsen number
m = mass of a molecule
N = order of quadrature
Nm = number of molecules in a cell
n = number density
n = inward normal vector to surface
nw = wall number flux
P = pressure
Pr — Prandtl number
Ps = weighting factor of quadrature
Q = total flux
<2o = theoretical free-molecular total flux
Qx = flux
Qx() = theoretical free-molecular flux
q = heat flux vector
R = gas constant
5 = viscosity-temperature exponent
T = temperature
U = macroscopic flow velocity vector
V - speed of molecule
V = velocity of molecule __
V(} = most probable thermal speed, V2/?T0

Vx, Vy, Vz — velocity components of molecule in
Cartesian coordinates
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discrete velocity point
exponent of variable hard sphere model
Cartesian coordinates of physical space
slit half width
coordinates in transformed physical space
molecular mean free path
viscosity
collision cross section
angle in transformed velocity space

Subscripts and Caps
b = downstream reservoir condition
o = upstream reservoir condition
8 = discrete ordinate point, (d = 1, 2, ...., N-l,

AO
A = dimensionless variable

Introduction

T HE flow of a rarefied gas from one reservoir to another
through a channel is induced by either a pressure dif-

ference, a temperature difference, or a combination of the
two. Applications of this type of flow are found in vacuum
science, molecular beam technology, and high altitude flight
such as the flow field for low-thrust resistojets. Many inves-
tigations have been reported for simple geometries such as a
slit, an orifice, a two-dimensional slot, and a circular tube.
Most of these studies are confined to the flow induced by a
pressure difference only.

The problem of the flow through a slit or an orifice has
been given much attention. Liepmann1 pointed out that this
problem offers the possibility of a comparison between ex-
periment and a kinetic theory analysis which is not sensitive
to the nature of molecular interaction with the boundary sur-
faces. Liepmann was the first to analyze both theoretically
and experimentally the mass flow rate of a rarefied gas through
an orifice into a vacuum reservoir. In his investigation, the
reservoirs are at the same temperature and the upstream res-
ervoir pressure is in the range of continuum to free-molecular
flow conditions. Narasimha2 obtained an expression for the
average mass flow rate based on the centerline value for a
circular orifice by using Willis' 3 iterative method. In this method,
the Bhatnagar-Gross-Krook (BGK)4 model equation is con-
verted to an integral form and iterations are performed on it
starting from the free-molecular solution for the distribution
function. Willis5 improved Narasimha's method by numeri-
cally evaluating the quadratures in the integral equation for
the flux obtained from the BGK model and removing the
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simplifying assumptions which were used by Narasimha. He
calculated the total as well as the local mass flow rate of a
nearly free-molecular flow through a slit as well as for an
orifice by performing one iteration on the integral equation
for the flux. In his method, however, the effect of backscat-
tering molecules which return through the aperture due to
collision is neglected.

In the case of flow induced by a finite pressure difference
between the downstream and upstream reservoirs, or by a
temperature difference across a slit or an orifice, the only
theoretical results which have appeared to date are Stewart's6

and Wang and Yu's.7 Stewart6 split the flow into two com-
ponents, the upstream and downstream flows, and applied
Willis'3 iterative method in each direction to obtain two flow
rates under the condition of an infinite pressure ratio. The
algebraic average of the two values was taken as the net flow
rate induced by a pressure difference with a constant tem-
perature across the slit. In this procedure, molecular collisions
in the counter-flows which affect the net flow have been com-
pletely neglected. By employing Yu's8 method, Wang and Yu7

decomposed the distribution function into three parts: two
explicit parts, which are singular at the origin, and a remaining
part which satisfies an inhomogeneous linear Boltzmann
equation. These three parts are presented in multiple integral
form, and then asymptotically expanded in powers of the
inverse Knudsen number by using the BGK model to obtain
the flow rate through a slit under the condition of a finite
pressure ratio and temperature difference across the slit. They
considered the slit as a line source that absorbs and emits
molecules at all velocities. As a source function they used the
Maxwellian distribution characterized by the conditions far
upstream and downstream. This may not be a good approx-
imation except at extremely high Knudsen numbers. Unfor-
tunately, their first-order correction to the free-molecular flux
appears to be a net negative correction, independent of the
pressure ratio for the case of constant temperature across the
slit, whereas published results obtained either theoretically or
experimentally expect a net positive correction to the free-
molecular flux.

In the current study, two different approaches, the finite-
difference method coupled with the discrete-ordinate method
(FDDO)9-11 and the direct-simulation Monte-Carlo (DSMC)
method,12 are used in the analysis of the flow of a rarefied
gas from one reservoir to another through a two-dimensional
slit for the cases of vacuum downstream pressure, finite pres-
sure ratios, and isobaric conditions with thermal diffusion.
These cases are not well established in spite of the simplicity
of the flow field.

In the FDDO analysis, the Boltzmann equation simplified
by a model collision integral is solved by means of a finite-
difference approximation. Both simple explicit and implicit
algorithms are used depending on the characteristics of the
velocity space. The velocity space is transformed to a polar-
coordinate system and the concept of the discrete-ordinate
method is employed to discretize the velocity space. The mod-
ified Gauss-Hermite quadrature11-13 and Simpson's rule are
used for the discretized velocity space. A computer code is
developed which can be used for any applied pressure and
temperature ratio across the slit. In this code, numerical val-
ues of flow quantities such as density, velocity, and temper-
ature can be calculated for the entire physical space.

In the DSMC analysis, the variable hard sphere (VHS)14

model is used as a molecular model and the no time counter
(NTC)15 method is employed as a collision sampling tech-
nique.

Problem Statement
Consider the steady flow of a single component, monatomic

gas from Reservoir 1 to Reservoir 2 through a two-dimen-
sional slit, as shown in Fig. 1. The equilibrium number den-
sities and pressures of the gas at distances far away from the
slit are denoted as n0 and P0 in Reservoir 1 and bn^ and Ph
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Fig. 1 Coordinate system.

in Reservoir 2. The equilibrium temperature of the gas within
Reservoirs 1 and 2 are TQ and Tb, respectively. The temper-
ature of the slit surface is denoted as Tw. The width of the
slit, 2Y0, is of the same order as the equilibrium molecular
mean free path of the gas in Reservoir 1, so that the flow is
not continuum but rarefied. The flow is induced by either a
pressure difference or a temperature difference across the slit,
or a combination of the two.

Finite-Difference Method
Governing Equation

We consider the steady-state Boltzmann equation without
an external force in a Cartesian coordinate system, as illus-
trated in Fig. 1

v - + v- =* dx y d y (1)

where / is the Boltzmann collision integral, which is some
functional of/. The moments n, U, and T are given by

n = j fdV', nU = I VfdV' 3nRT = J C2fdV (2)

Collision Integral
A solution of the Boltzmann equation is an exceedingly

formidable task due to the complicated structure of the col-
lision integral, which contains the details of the molecular
interaction. In order to avoid the complex Boltzmann collision
integral, several kinetic model equations for monatomic gases
such as BGK,4 Ellipsoidal16-17 and S model,18-19 etc. , have been
proposed. These models retain the fundamental features of
molecular collision and average properties of the Boltzmann
collision integral and have been extended to gases with in-
ternal degrees of freedom20-21 and to multicomponent gases. 22~24

The collision integral of the kinetic models, Jm, can be rep-
resented generally in a form

Jm = AC(F - f) (3)
Here ACF approximates the replenishing collisions, and Acf
the depletion collisions. A collision frequency, Ac, usually is
a function of moments and is independent of molecular ve-
locities, whereas F is a function of both moments and mo-
lecular velocities.
Modification of the Governing Equation

To reduce the number of independent variables, the fol-
lowing reduced distribution functions are introduced11:

g(jc, y, Vx, Vy) =

h(x, y, Vx, Vy) =

, y, Vx, Vy, Vz)dVz

V\f(x, x, Vy, (4)
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By integrating out the Vz dependence with the weighting func-
tions 1 and V2

Z, respectively, the equations for the reduced
distribution functions with the collision integral of kinetic models
of Eq. (3) are obtained from Eq. (1)

dh
dx

dh
dy (5)

where

G(x, y, VX9 Vy) = FdV

H(x, y, Vx, Vy) = VlFdV,

Then, using the characteristic length of a flow field d and the
most probable thermal speed V0, the following dimensionless
variables are introduced

x = x/d, y = yld, n = n/iio, Vx = VJV0,

Vy = Vy/V09 Ux = UX/VQ, Uy = Uy/VQ,

f = r/r0, Ac = Acd/vQ, g = gvg/no,"
fi = /iM0, G = GV§/n0, and H = H/n0 (6)

By introducing a polar coordinate system, which is defined
as

Vx =

v =
(7)

and applying general transformation rules, the governing
equations in the new coordinate system (£, 17) are written as11

(8)

where

= (Vcosc^ -

C=

Discrete Ordinate Method
In order to remove the velocity space dependency from the

reduced distribution functions, the discrete-ordinate method9 n

is employed. This method, which consists of replacing the
integration over velocity space of the distribution functions
by appropriate integration formulas, requires the values of
the distribution functions only at certain discrete speeds and
velocity angles. The choice of the discrete values of V and $
are dictated by the consideration that our final interest is not
in the distribution functions themselves but in the moments.
Hence, the macroscopic moments given by integrals over the
molecular velocity space can be calculated by proper integra-

tion formulas. Applying the method, the following quadra-
tures are substituted for the integrals in Eqs. (2)

nU =

At =

PSVS cos<f>gsd<l>

- n((Jl (9)

where |5 and fi8 denote g(£, 17, Vs, <£), and h(£, T/, V8, <£),
respectively. Thus, instead of solving the equations for a func-
tion of space and molecular velocity, the equations are trans-
formed to partial differential equations, which are continuous
in space but are point functions in molecular speed, V, and
velocity angle, <£, as follows

where

017 of

B^+ C~d? + A

B = (V, cos<t>x( - Vs

C = (V& sin<^y, - Vs

f- V° I' f(f r, VGs = — \ 7(e, 17, Vt

(10)

Finite-Difference Algorithm
Eqs. (10) are solved by means of finite-difference approx-

imations in physical space. To reduce CPU time, a simple
explicit scheme is used for f.

(H)

where

75 = sign[(V5 sin^y^ - V8

The following finite-difference schemes are used for 17, which
depend on the characteristics of physical and velocity space

(12)

where

^«(g, 17 + AT]) - (gg(g, 17 - Ary)

w = sign[(V6

(13)

- V6

Taking equivalent finite-difference schemes for fi8, the system
of nonlinear algebraic equations are to be solved by the method
of successive approximations^ In the iterative procedure, only
the values of Ac, G5, and Hd have to be determined from
moments of the previous iteration, and the values of distri-
bution functions do not need to be stored. Convergence is
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assumed to have occurred when the differences of the mo-
ments of two successive iteration steps are kept within the
bound of prescribed tolerance at every spatial grid point.

By checking consistency and stability according to the
equivalence theorem of Lax,25 the convergence of the finite-
difference approximations is ensured.11 A Von Neumann
analysis made for the linearized form of the finite-difference
approximations11 shows that the finite-difference approxi-
mations are unconditionally stable regardless of computa-
tional grid sizes by choosing appropriate marching directions
following the motion of each molecule both in physical and
velocity space.

Model Equation
For the collision integral, the BGK4 model is chosen for

the sake of simplicity. In this model, F is given by the Max-
well-Boltzmann distribution

F = n(27rRT)-3/2 exp( - C2/2RT) (14)

The collision frequency Ac is taken to be of the form26

Ac = mnRT/iJi (15)

The viscosity, /A, is assumed to have a temperature dependency26

(16)

where s is a constant for a given gas. The viscosity at the
upstream reservoir condition, /AO, is related to the upstream
mean free path, A0, by the relation

AO ~~ c (17)

The characteristic length of the flow field is chosen as the slit
half- width. Combining Eqs. (14) to (17), we obtain

G = - Uy)2 + (Vsin<t> - Ux)2]/f

(18)

Kn = \0/2Y0 (20)

where Kn is the Knudsen number at the upstream reservoir
condition based on the slit width.

Boundary Conditions
The following boundary conditions are used for the cal-

culation: 1) At infinity in the upstream reservoir, there is an
equilibrium distribution with prescribed reservoir conditions:
n0 and T0

(21)

2) Similarly, in the downstream reservoir

A = \ Thg (22)

3) In order to specify the interaction of the molecules with
the surface, diffuse reflection is assumed, i.e., molecules that
strike the surface are subsequently emitted with a Maxwell
distribution characterized by the surface temperature tw:

(23)

= - r exp ( -y 2 / f w ) , for (V-n) < 0

fi = for

The wall number flux nw is not known a priori and may be
determined by applying the condition of no net flux normal
to the surface

nw = -2(<rr/fwy/2 f° [ (V-n)gVdVd(l>, for (V-w) > 0
Jo J<t>

(24)

4) Along the centerline, symmetric boundary conditions are
used

i, = 0, 0) =

17 = 0, #) =

, TJ = 0,

€, r, = 0, (25)

Numerical Procedure
The finite-difference approximations of Eqs. (10) are solved

by the method of successive approximations. In each iteration
step, the calculation starts at the point (17 = rjx - ATJ, f =
g» + Af) for a chosen discrete-ordinate Vs. For this discrete-
ordinate, the values of the distribution functions are then
determined at all (£, 17) grid points for the quadrant of velocity
angle Tr/2 < <£ < TT. Then, applying the symmetric condition
Eq. (25), the values of the distribution functions at the cen-
terline are determined for the quadrant of velocity angle Tr/2
> <f) > 0 and calculated at all (£, 17) grid points starting from
the point (77 = A 77, £ = £_M + Af). An analogous procedure
is carried out for the quadrant of velocity angle - TT ^ <£ <
— 7T/2 and — Tr/2 < </> < 0 starting from the point (77 = 77^ -
ATJ, £ = f _„ - Af) and (T/ = AT/, £ = g_M - A£), respectively.
After this procedure is repeated for all discrete-ordinates V8
for both gs and ns, the wall number flux hw and the moments
may be calculated by means of the quadrature formula, Eq.
(9), with a proper integration method over the angle. The
iterative procedure is stopped when the difference of all mo-
ments between two iterative steps 7 + 1 and /, |(M/+1 -
M7)/M7| are less than 10~3 for all spatial grid points. As a
proper quadrature formula, the modified Gauss-Hermite half
range quadrature for integrals of the form11'13

f"
J®

exp(-V*)V<Q(V)dV = 2 PSQ(VB) (26)

is used. The exponent / and the order of the quadrature N
are chosen to be 1 and 8, respectively. Simpson's 3/8th rule
with A</> = 4.5 deg is used for the integration over the angle
<t). The (77, f) plane was covered by 51 x 21 grid points for
the upstream reservoir and 51 x 31 for the downstream res-
ervoirs. The exponent of the viscosity-temperature relation
in Eq. (16), 5, was that for Argon, 0.811. The surface tem-
perature was chosen to be the same as that in the far upstream
reservoir.

Direct-Simulation Monte-Carlo Method
In the present study, the NTC method developed by Bird15

is used as a sampling technique. In the NTC method, the
number of pairs to be sampled, Ns, is given by

(27)
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Fig. 2 Effect of the location of upstream x-boundary on the total
flux*

and the collision probability for each selection is

(<rTCr)/(arTCr)max (28)

For the molecular model, the VHS model developed by Bird14

is employed. In the VHS model, the collision cross section is
given by

(29)

where w is related to the viscosity-temperature exponent, s,
by

s = 0.5 (30)

In DSMC calculations, the best results may be obtained for
the largest possible number of simulated molecules, for the
cell size as small as possible in comparison with the mean free
path, and for discrete time step Af as small as possible in
comparison with the mean collision time. In most of the cal-
culations, the cell size, AJC and Ay, was less than 0.2 and the
time step was less than 0.04. Here the cell size is measured
in units of the upstream mean free path, A0, and Af in units
ofA0/V0.

Another important factor that should be considered will be
the size of the simulated space. The distance from the slit to
the boundaries was increased until a further increase in that
direction did not result in any noticeable change in the total
flux through the slit. It was found that the location of the
upstteam jc-boundary, which is parallel to the y axis, had the
most significant effect on the result. Figure 2 shows the effect
of the upstream jc-boundary in the case of the finite down-
stream pressure of PQ/Pb - 2.0 at Knudsen number 0.8. In
the figure, xb is the distance from the slit to the boundary. In
most of the calculations, the ^-boundary was chosen to be
10Y0 both upstream and downstream, and the y-boundary 5Y0
both upstream and downstream.

In most of the calculations, the average number of mole-
cules per cell was kept around 20 with at least 10 molecules
in the cells at far downstream. Sampling interval was 5Af and
average sample size per cell was around 50,000. The exponent
of the VHS model, w, was that for Argon, 0.311.

Results and Discussion
For the case of free-molecular flow, there are no collisions

between molecules and molecules move until they reach the
surface of a body. Thus, at any point in the physical space,
the velocity space can be divided into two regions: one for
molecules coming from the reservoirs and the other for mol-
ecules emitted from the surface. Since exact values of the

- 4 - 2 0 2 4 6
Distance from slit, x/Yo

Fig. 3 Free-molecular macroscopic flow variables along the center-
line in the case of a finite downstream pressure.

Free-molecule
Vacuum downstream

-6 - 4 - 2 0 2 4
Distance from slit, x/Yo

Fig. 4 Free-molecular macroscopic flow variables along the center-
line in the case of a vacuum downstream.

distribution function can be obtained for each of these regions,
theoretical values of moments for free-molecular flow con-
ditions may be obtained by integrating these distribution func-
tions. If T0 = Th = TW9 the following analytical equations
for the theoretical free-molecular macroscopic moments at
the centerline can be obtained

n = 0.5(1 + b) - |TJ (1 - b)

1 - b

'-!

(31)

(32)

(33)

In Figs. 3 and 4, the free-molecular macroscopic moments
along the centerline for the cases of a finite downstream pres-
sure of PQ/PI, = 2 and a vacuum downstream are compared
with the theoretical solutions, respectively. The results of both
the FDDO and the DSMC methods show good agreement
with the theoretical solutions.
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In Fig. 5, the total flux as a function of Knudsen number
for the case of a vacuum in the downstream reservoir is com-
pared with Willis'5 results obtained by the first iterative method
with the linearized BGK model and with Wang and YuV
results by the first-order correction method with a linearized
BGK model, as well as with the results of the DSMC method.
Here the dimensionless total flux Q/Qo is defined as

_
Ga (34)

where the integration is performed over the aperture area A
and the fluxes Qx and Qx0 are defined as

Qx =

Qxu = _ jr exp( - F2/f0) V2 si

= fJOO Jir 7Tlb

(35)

(36)

(37)

(38)

Except for Wang and YuV results that show negative cor-
rections to the free-molecular flux, the results from other
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> 1.3
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Inverse Knudsen number, 1/Kn
Fig. 5 Total flux through a slit in the case of a vacuum downstream.
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methods show positive correction. Willis'5 results show fairly
good agreement at large Knudsen numbers. However, Willis'
first iterate method severely underestimated the total flux at
small Knudsen numbers compared to the results of the other
methods. This is because he neglected the effect of back-
scattering molecules, which return through the aperture due
to collision. The results of the DSMC method show good
agreement with those of the FDDO method. Two kinds of
model equations, the BGK and the S model, are employed
in the FDDO method. There were not significant differences
between the results of BGK model4 and the S model18'19 in
the FDDO method. In the S model, the quantity Fin Eq. (3)
is given by

= F° 1 + -Pr2(C-q)(C* 5
5 PRT \2RT 2

..--f
exp(-C2/2RT)

(39)

(40)

(41)

In the computation, the S model needs more CPU time and
storage than the BGK model because the quantity in the
bracket of Eq. (39) should be calculated at every grid point
for each discrete speed and velocity angle during iteration.

Comparison is shown in Fig. 6 of the predicted exit plane
fluxes in a slit with a vacuum downstream for the case of Kn
= 0.2. Here the dimensionless flux Qx/QxQ is given by

OIL
Q* ITJo Jo

gV2 (42)

Willis' method severely underestimates the flux, which was
the case with the total flux. The results of the FDDO method
show good agreement with those of the DSMC method.

In Fig. 7, the predicted density, temperature, and #-velocity
distributions along the centerline at Knudsen number 0.2 in
the case of vacuum downstream are compared, respectively.
The results of both the FDDO and the DSMC methods show
good agreement. In the case of a vacuum downstream, the
temperature decreases rapidly across the slit and then grad-
ually approaches a certain limit in the downstream, i.e., the
temperature freezes. As the gas expands in both the parallel
and perpendicular directions, the temperature falls because
of the geometric expansion. As the gas further expands, the
perpendicular temperature still decreases from geometric ex-
pansion. Collisional cooling of parallel temperature, however,
stops, i.e., freezes. Hence, far downstream along the center-
line, the perpendicular temperature decreases to zero and the

1.4

1.2

1

0.8

0.6

•i 0.4

Fig. 6 Exit plane flux distribution through a slit at Kn = 0.2 in the
case of a vacuum downstream.

- 6 - 4 - 2 0 2 4 6
Distance from slit, x/Yo

Fig. 7 Distribution of macroscopic flow variables along the centerline
of a slit at Kn = 0.2 in the case of a vacuum downstream.
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Fig. 8 Total flux through a slit in the case of an isobaric condition
across a slit.

total temperature remains constant. The velocity along the
centerline of a slit with a vacuum downstream increases ac-
cording to collision dominated expansion until reaching the
collisionless stage. The increase of velocity, then, stops, i.e.,
the velocity freezes.

Comparison is shown in Fig. 8 of the predicted total flux
as a function of Knudsen numbers with the ratio of the down-
stream to the upstream temperature, Tb/T0 = 2.0, and iso-
baric condition through a slit. In this case, the flow is induced
by both the temperature and density differences through the
slit. The solid line shows the result of the FDDO method and
the dotted line those of Wang and Yu.7 The results of both
the FDDO and the DSMC methods show good agreement.
Wang and Yu's first-order correction method with the li-
nearized BGK model severely underestimates the total flux
in case of an isobaric condition through the slit, which was
also the situation in the vacuum downstream case.

To obtain a steady-state solution, the FDDO method re-
quires an iterative procedure and the DSMC method needs
many time steps until reaching the large time solution for an
unsteady flow. In the FDDO method, to reduce CPU time,
macroscopic flow variables from a previous solution are ef-
fectively used as starting values for a solution at a different
Knudsen number. By this procedure, solutions for a wide
range of discrete Knudsen numbers can be obtained in a rel-
atively short CPU time per solution. The required CPU time
for a solution at a specific Knudsen number greatly depends
on the starting value. Another factor on the CPU time re-
quirement would be the effectivenss of coding. Thus, it is
difficult to compare the CPU time requirements for both the
FDDO and the DSMC methods. A rough comparison, how-
ever, could be made based on the calculations selected in the
present study.

For free-molecular solutions, on an NAS/9080, the FDDO
method required only one iteration of about 3 min and the
DSMC methods about 120 min for the sample size used in
the present study. At high Knudsen numbers, Kn > 1, the
FDDO method required 9-15 min (3-5 iterations) using a
solution at a Knudsen number about two times larger as an
initial guess, and the DSMC methods 120-160 min. At small
Knudsen numbers, 1 > Kn > 0.05, the FDDO method re-
quired 15-30 min (5-10 iterations), and the DSMC methods
160-240 min. The CPU storage requirement for the FDDO
and the DSMC methods were about 0.5 and 4.0 mega words,
respectively.

Conclusions
Two different approaches, the finite-difference method

coupled with the discrete-ordinate method (FDDO), and the
direct-stimulation Monte-Carlo (DSMC) method, are used in

the analysis of the flow of a rarefied gas from one reservoir
to another through a two-dimensional slit. The cases consid-
ered are for vacuum downstream pressure, finite pressure
ratios, and isobaric conditions with thermal diffusion. The
FDDO method has been shown to be a practical method for
treating the flow of rarefied gases through a slit. In the DSMC
analysis, the variable hard sphere (VHS) model is used as a
molecular model and the no time counter (NTC) method is
employed as a collision sampling.

The results of both the FDDO and the DSMC methods
showed good agreement. The FDDO method required less
CPU time than the DSMC method by factors of 10 to 40
depending on the degree of rarefaction for the cases selected
in the present study. Also, the FDDO method required less
CPU storage than the DSMC method by a factor of 4.

The FDDO method may be easily applied to rarefied gas
flows with complex geometries such as flow through nozzles9-1 *
or over submerged bodies.10-11 Also, the extension of the FDDO
method to a rarefied gas flow with internal degrees of freedom
or multicomponent gases can be easily made by employing
the collision integrals for such gases21"26 and the distribution
functions for each species.
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